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The three-dimensional spin-2 Ising model with multiple-site interactions provides a natural

framework for describing the temperature-composition phase diagram of substitutional binary al-

loys. We have carried out a "first-principles" approach to this problem in the following way: (i)

The total energy of an A, „B„alloyin any given substitutional arrangement of A and B on a given

lattice is expanded in a series of interaction energies (Jf( V) ) of "figures" f. (ii) The N, functions

I Jf( V) t for "figures" f are determined as a function of volume V by equating the total energies of a
set of N, periodic structures, calculated in the local-density formalism, to a series expansion in Jf
with known coefficients. The calculation includes in a natural way atomic relaxation and self-

consistent charge transfer, hence providing a link between the electronic structure and the interac-

tion energies which decide phase stability. (iii) The number N, and range of the interaction energies

needed in such an Ising description is determined by the ability of such cluster expansions to repro-
duce the independently calculated total energy of other structures. We find that this requires ex-

tending the expansion for zinc-blende-based alloys up to the fourth fcc neighbors. (iv) Using such a
"complete" set of N, interaction energies, I Jf I, we find approximate solutions to the corresponding

Ising Hamiltonian within the
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in their pseudobinary phase diagrams.
In Sec. II we describe the basic methodology of obtain-

ing (x, T) phase diagrams from
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by sets of wave vectors k which are geometrically
equivalent in A„B,A„A,and B„B. We use for the
zinc-b1ende structure the two special k points "in the
LAPW calculation and ten special k points in the pseudo-
potential method; equivalent k points are used for all oth-
er structures. Convergence tests with respect to k-point
sampling show that the error in AE is less than 5 meV
per four atoms.

As shown by Connolly and Williams, ' for a nonsingu-
lar det~IIf(s) ~%0 in Eq. (2.3), knowledge of N, equations
of state bE(s, V) provides the N, interaction energy func-
tions
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space groups, ordering vectors, Bravais lattices, and the
notation used to designate them.

B. Discussion of the energy expansion

+
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the series expansion (2.1) departs significantly from con-
vergence if only first-neighbor ("tetrahedron" ) interac-
tions (M = 1) are
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dependent set [J&(V)) transforms into a volume- and
composition-dependent set [J (x, V)]. While j J&( V) )

has figures [f ] extending beyond d„„(e.g. , to fourth pair
interactions), the set [Js(x, V) ] is limited to g within the
range d„„(i.e., in our example to first neighbors, i.e., five

g values), and folds figures with f )g into the set [g ]:

compare the phase diagram calculated with the CVM
and folded interactions to that obtained from a Monte
Carlo simulation on the same Hamiltonian, but retaining
JQ 2 J2 3 and Jp 4 without folding. The results show that
virtually no precision is lost by the folding procedure.

J (x, V)=J (V)+ g At(x) J~(V) .
f ()g]

(2.14)

The ensemble-average energy for the disordered phase
[Eq. (2. 10)] then becomes

III. RESULTS

This section describes the phase diagrams and thermo-
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binary constituents where experimental data is also in-
cluded and in Table III for the ABC2 CuAu-I structure.
Note that pseudopotential calculations tend to pro-
duce systematically smaller equilibrium lattice constants
for binary semiconductors with d-shell cations than do
the all-electron (e.g. , LAPW) approaches. The difference
is substantial in systems where the anion valence p-orbital
energy is close to the highest occupied cation d-orbital
energy (e.g. , HgTe}. The origins of this effect is probably
the absence of p-d repulsion in the pseudopotential repre-
sentation, and this was discussed in detail in Ref. 57. Our
calculated exces(approaches.)Tj
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TABLE II. Comparison of the calculated equilibrium lattice constants {in A) of the zinc-blende semiconductors discussed in this

study, as obtained from various nonlocal first-principles pseudopotential (ps) and all-electron (AE) implementations of the local-
density formalism. For comparison, low-temperature experimental values are also shown. References below indicate the basis-set
cutoff (E, ) and type of exchange correlation (xc) used in each case.

AlAs
GaP
GaAs
GaSb
InP
InAs
ZnTe
CdTe
Hg Te

a
(ps)

5.31

5.60

b
(ps)

5.406
5.613

c
(ps)

5.34
5.57
6.01
5.75
5.95

d

(ps)

5.572

5.905

e

(ps)

5.56
5.96

f
(ps)

5.6696

5.6548

g
(ps)

5.618
5.818
5.616

Present
LAPW

(AE)

6.657
5.462
5.682
6.107
5.918
6.084
6.052
6.470
6.492

Expt. "

5.662
5.451
5.653
6.096
5.869
6.058
6.089
6.481
6.461

'Reference 50, E& = 10 Ry, 48 superlattice k points, Wigner xc.
Present pseudopotential study, E& = 15 Ry, 10 k points, Ceperley-Alder xc.

'Reference 51, pseudopotential, E& = 12 Ry, two k points, Ceperley-Alder xc.
Reference 52, pseudopotential, E, = 13 Ry, 12 superlattice k points, Wigner xc.

'Reference 53, pseudopotential, E& = 12 Ry, two k points, Ceperley-Alder xc.
'Reference 54, Gaussian basis, 12 k points, Wigner xc.
gReference 55, pseudopotential, E~ = 8 Ry, two k points, Hedin-Lundqvist xc.
"Reference 56.

u or
u(A) Ref.

TABLE III. Calculated formation enthalpies LH (in meV/four-atoms) of the n =1 (001) superlattice

(the CuAu-I-like structure) using pseudopotential (ps) and the present all-electron (AE) implementa-

tions of the local-density formalism [Ref. 27(b)]. We also show the cell-internal distortion parameters u

and the "constituent strain energies, " i.e., the energy AE„ofthe binary constituents constrained in the

parallel dimension to a substrate a, (and relaxed in the perpendicular dimension). Note that

hH —AE„is the "epitaxial formation enthalpy" 5H (see Ref. 41). This quantity was found to be posi-

tive for GaInP2 and GaInAs2 in the ps calculations of Ref. 51, but it is close to zero or negative in the

present AE calculation. References pertain to the notation of Table II.

a, bH
{meV/four-atoms)

GaAlAs2

GaInP2

GaInAs&

Ga2AsSb

GaP+ InP
on a,

GaAs+ InAs
on a,

GaAs+ GaSb
on a,

'Reference 54.
Reference 50.

'Reference 51.
Reference

'Reference

5.

t

p2ences
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B. Multiatom interaction energies Jf ( V) Q(x, T) = AH(x, T) Ix(1—x) (3.7)

Using IAE(s, V) J for the eight special periodic struc-
tures (Fig. 2) and Eq. (2.6), we obtain the volume-
dependent interaction energies depicted in Fig. 3 for
three alloy systems. These show the following.

(i) Jo( V) and J, ( V) have a significant volume depen-
dence; Jo( V) is much larger at x =

—,
' than all J«0. Many

applications of the Ising model to alloy
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host crystal A (i.e., x
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0.015
(a)

0.010-

0.005-

0.000

AI4 „Ga„As4,
exess

unusual phase diagram for Cd, Zn Te, In, „Ga„As,
and I~&,Ga„P,exhibiting a set of local minima and

maxima in the binodal lines, which we do not find. Their

TMG

000

000

000

000
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70-
60-

TMG ——64K

XMG = 0.49 binodal

50-
40
AIAs GaAs

350-(b)
300—

TMG = 277K GaAsq. )(P,
XMG = 0.603

250-

200-

150—

100,
GaAs GaP

I I I I I I I

1oo -(a) AI) XGa„As

90-

mixtures, while above TMG an homogeneous alloy per-
sists. If, however, phase separation is kinetically inhibit-
ed, metastable long-range ordering will persist below T,
(Table VI). These structures are metastable in a very
specific manner: they are stabler below T, than the
homogeneous disordered alloy, but unstable with respect
to phase separation. Note that other ordered structures
such as Cupt or CuAu-I are not metastable: they are un-

stable both with respect to disordering and phase separa-
tion. This result highlights the significance of interac-
tions beyond first-nearest neighbors: retaining interac-
tions only up to first neighbors (J2 ) leads to a degeneracy
of the energies of the CuAu-I and chalcopyrite struc-
tures. Tables I (showing bH, ) and VI (showing T, ) clear-

ly demonstrate that this is not the case. A complete dis-
cussion of these ordered metastable phases is postponed
to Sec. V, where a full search of ground state structures is
discussed.

F. Alloy bond lengths

1100-(C)
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900—

800-

F 700-

600-

500 '

InP

TMG
—961K ln).„Ga„P

XMG ——0.676~(

GaP

Equations (2.7) and (2.8) describe the proportion g, (o )

that ordered clusters s occupy in an alloy of configuration
cr If e.ach structure s has bond lengths R „c(s,V(x) ) and

Rac(s, V(x)) at composition x, the average alloy bond

length can be described as
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R„c(x)= g g, (x) co„c(s)R„c(s,V(x)) (3.12)
1

N x

(and similarly for BC},where co„c(s)is the average num-
ber of AC bonds in structure s, and

co(x}=gg, (x) co„c(s). (3.13)

G. Effective equations of state

In calculating b,E(s, V) for each structure, we also obtain
R (s, V) (see Table I for the relaxation parameters deter-
mining the equilibrium bond lengths). Using these
R (s, V) in Eq. (3.12), we calculate the composition depen-
dence of the alloy bond lengths, depicted in Figs. 12 and
13. In this calculation a normalization factor
v=a,'~ '/a, has been used to scale the calculated
LDA bond lengths for the pure binary compounds to
agree with the experimental (expt) values. We show in
Figs. 12 and 13 the "ideal" zinc-blende bond lengths
R ( 3—C) =(&3/4)a„cas dashed horizontal lines, and
the linearly weighted average ( 1 —x )R„c+xR sc denoted
R (x ). Clearly, the equilibrium alloy bond lengths
R„c(x)and Rsc(x) deviate significantly from the aver-

age R (x), as noted first by Mikkelson and Boyce "and
found in recent calculations. ' ' These bond lengths also
deviate somewhat from the "ideal" bond lengths R (by
an amount highlighted in Figs. 12 and 13 by the shaded
areas). These deviations freeze into the alloy a certain
amount of strain energy. Indeed, alloys of pseudobinary
semiconductors are "structurally frustrated, " in the sense
that despite structural relaxations, the bond lengths and
bond angles do not attain the "ideal, " strain-free values.
The residual amount of frozen-in strain leads to positive
excess enthalpies (Figs. 4 and 5).

interactions have been folded. It is interesting to contrast
these five effective equations of state with the results ob-
tained without folding distant-neighbor interactions. To
examine this we have fitted both equations to the expres-
sion of Murnaghan. Tables IV and V give the parame-
ters of the fit (denoted by an overtilde) and compare them
to the corresponding parameters of the explicit equations
of state. This comparison shows that the effective equi-
librium volumes V„areunchanged for n =0 and 4 (pure
binary compounds), and are just slightly changed relative
to V„for n =1, 2, and 3. In contrast, the effective bulk
moduli B„are dramatically reduced in the size-
mismatched systems relative to B„.This can be inter-
preted as follows. There are five possible local nearest-
neighbor arrangements around a C atom in a fourfold-
coordinated tetrahedral alloy, i.e., A4, A3B, A2Bz, AB3,
and B4. These five arrangements are geometrically iden-
tical to those encountered in the five (001)-type (Fig. 2)
ordered compounds A 4 „B„C4,i.e., zinc-blende for
n =0 and 4, CuAu-I for n =2, and Cu3Au for n =1 and
3. The equilibrium molar volumes in these ordered com-
pounds will be denoted V„(X„),where X„denotes the
stoichiometry; the equilibrium molar volume of a disor-
dered alloy will be denoted V(x }. While V„(X„)
represents the equilibrium volume of cluster n embedded
in an ordered structure, we will denote by V„(x)the equi
librium volumes of such clusters in the disordered medi-
um. One can take two extreme views of the relationship
between the alloy values V„(x)and those extracted from
ordered compounds V„(X„).(i) Assume that fixed atomic
sizes can be associated with each type of atom; these radii
(or molar volumes) can then be
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C 2.70-

R(Zn-Te)

I

Cd).x Znx Te

T=SOOK

R (Cd-Te)

A(x)

R(Zn-Te)
«wsjpa:»:,:,

K2(GaAs, „P„)=0.132,

K2(GaSb, „As ) =0.168,

K2(In& Ga„P) =0.157,

K2(Hg& Zn„Te)=0.198,

K2( In, „Ga„As)=0.165,

K2(Cd, „Zn„Te)=0.141 .

(3.20)

R (Zn-Te) R'(Zn-Te)
2.60 I I I I I I I

HgTe 0.2 0.4 0.6 0.8 ZnTe CdTe 0.2 0.4 0.6
Composition x

I

0 8 ZnTe

FIG. 13. Like Fig. 12 (see caption), but for the II-VI size-
misrnatched alloys (a) Hg&, Zn„Teand (b) Cdl „Zn„Te.

The fluctuations of K„about n =2 are small. This
demonstrates that the "softening" of the effective bulk
moduli evident in Tables IV and V can be thought of as a
relaxation effect associated with interactions outside the
nearest-neighbor environment, and that this
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b U(o, V)=6(x)+g Df vf 11f(o },
f

(4.
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TABLE IX. Volume-independent interaction energies 2vi, of the Ising model of Eq. (4.10a) (in meV) and the average elastic ener-

gy parameter 0 (in meV/four-atoms) corresponding to the G {x)=Qx (1—x) approximation. Here, k denotes the number of sites in-

teracting simultaneously; m is the neighbor separation.

Interaction
energy

2UO, l

2U2 ]

2U

2U4 ]

2U2 2

2vp 3

2U2 4

0

1

1

6
8

2
3

12

AlAs
GaAs

6.6047
—0.1518
—1.591

0.0190
0.0190
0.1757
0.0757
0.2443
0.0000

GaP
GaAs

—47.8160
3.5594
4.7822

—0.4449
1.2138

—0.8604
0.1568
2.899

269.6946

GaP
InP

—240. 1940
5.3439

23.9011
—0.6679

0.3793
—1.3832

2.4495
11.7974

1287.2400

GaSb
GaAs

—145.9788
—3.4977
13.2334
0.4372

—1.8617
3.5176
0.9876
8.0036

948.5059

InAs
GaAs

—164.6280
—1.6352

15.5053
0.2044

—1.6893
0.6822
2.0151
8.1244

893.0924

Hg Te
CdTe

7.8761
—1.6046
—1.5633

0.2006
0.0650

—0.1166
0.0427
0.2020
1.9870

Hg Te
Zn Te

—161.8135
—0.6551

14.8303
0.0819

—0.0144
—3.1839

3.0225
7.6905

838.0564

CdTe
ZnTe

—129.4630
1.9546

13.1823
—0.2443

0.1952
—2.9110

1.5586
6.6681

739.1497

400 ~—

Q)

N
U)

O

300-

200-

Eo 100-

0 0
E

g) -100-
g) C
C

-200 C

D

-300
C CH = [201]

D = Disordered
(T=800K)

FIG. 14. Breakdown of the formation enthalpies of ordered
50%-50% intersemiconductor compounds CP (CuPt), CA
(CuAu), and CH (chalcopyrite) into elastic G(x =—') and substi-

tutional e'*' pieces [Eq. (4.4)]. For comparison, we also give the
substitutional energy for th disordered 50%-50% alloy at
T=800 K. Note that c,"& 0 (inset) for the two size-matched al-
loys.

8"&0. Hence, while bH(x, T) and AH, are positive in
both classes of systems, this is so for different reasons:
unfavorable chemical interactions in the first case (where
sublattice relaxation is small owing to R„&—=Rac), and
strong, repulsive elastic interactions in the second case.
These different origins of bH & 0 have a number of

1n
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v2 i =6.6167, v2 2=1.7588,

v2 3 =0.4938, v2 4 =4.0018,

Uo, = —g D2 Uz
= —74.913,

(4. 17a)

(4.17b)

equilibrium occurs at the chemical potential p=0. Thus,
the search for the phase-equilibrium lines in the (p, T)
plane (a very time-consuming step in MC) is simplified.
The parameters used, appropriate to GaSb, ,As„,are (in

meV)

1000 =

hC

90Q-

CO

CL
80Q-

E
O
I 70P

BW (1014K)
GYM

(956K)

and 0=948.5059 meV/four-atoms.
Note that the Volume ind-ependent Hamiltonian of Eqs.

(4.10) satisfies the sum rules

even

v O, l X XDa,
k m

odd
(4.18)

U, ,
= —g g Dl,. ~ Uk

k m

evident in Table IX. These sum rules do not apply to the
volume-dependent energies Jl, ( V). Our Uo 1

of Eq.
(4.17a) differs from the value given in Table IX since in
the former case v 3, =v4, =0, and, hence, the sum rules
yield a slightly difT'erent vo, .

Via use of Eq. (4.10c), the excess enthalpy of this spin-
—, three-dimensional fourth-nearest-neighbor Ising Hamil-

tonian is

Sa(x)=ex(1 —x)+U, , +6U, , (il, , &+3U, , (il, , &

+12 3 3(II/ 3)+6U2 4(II& ~), (4.19)

where vk represents the mth-neighbor pair interaction.
Although this simplified Hamiltonian is not designed to
capture the full detail of the phase diagram in which the
complete G(x) as well as three- and four-body terms are
retained (Table VIII), its parallel solution via the MC
method and the CVM with folding will serve to assess the
validity of our folding method, in which

(4.20)

The Monte Carlo runs were made using single-spin-flip
kinetics. We used a cell of 12 =1728 fcc sites, with 100
flip attempts per site to reach steady state and 400 at-
tempts per site to collect data. The acceptance ratio,
which is defined as the fraction of successful flip at-
tempts, was minimum at 700 K, when it attained a value
of 19%%uo, and increased fast as the temperature was raised.

The results are presented in Figs. 15 and 16. The bino-
dal points of Fig. 15(a) were determined by starting from
a random sample with x=0.99, letting it stabilize, and
collecting data at p=0. Above 850 K and be1ow TMG,
the spin-flip process led to a two-phase system and the
sample oscillated between these two phases in equilibri-
um. Thus, it was impossible to determine accurately the
equilibrium concentration of each phase. Although the
oscillations of x are large, we observed that the probabili-
ty of finding pairs AB, which is equal in the two phases,
had small oscillations. Therefore we used this fact to And
the critical temperature according to the construction of

(b)
BW

4.0-
0
E
co 38=-

x 36-

3.4--
T=1000K

X
3.2-

Fig. 16. Figure 15(b) presents the interaction parameter
at 1000 K. In all cases, the dots, bars, or rectangles have
size equal or greater than the standard deviation. We
have also included for comparison results obtained by the
mean-field Bragg-Williams (BW) approach' in which all
correlations are neglected, and one has

0.6-

~0.5-

R' 04
Zl
CO4}o 0.3—
Q.

0.2-
)'4 p)

~ ~ I I

~ W

Tc—-937 K

0.0
700 800 900

Temperature (K)

1000

FIG. 16. Average nearest-neighbor ( A-B) pair probability in

the Monte Carlo calculation (Fig. 15) as a function of tempera-
ture. The crossing point is used to determine the transition tem-

peratures of Fig. 15.

0.5 0.6 0.7 0.8 0.9 1.0
Composition x

FIG. 15. (a) Phase diagram (binodal) for CVM with folded
distant-neighbor interaction (solid line), Bragg-Williams method
(B%', dashed line), and Monte Carlo method (MC, dots and
bar). The Hamiltonian is given in Eqs. (4.17)—(4.19). (b) gives
the normalized mixing enthalpies for these three models. The
rectangles depicting Monte Carlo results have the size of the
standard deviation in x and ~/x (1—x). The standard devia-
tion is smaller than the sizes of the solid circles.
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and
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2aP(x)~~a(x +co}+P(x—co), (5.6)

where co is an infinitesimal composition change. In this
case the elastic energy G (x) is included. Figure 17 shows
schematically
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free energies b,F(x, T) from which the stability limit is
calculated.

In Table XI we present the stability-limit temperature
for phases belonging to the ground-state line of GaSbAs.
We see that these stability temperatures are well below
current growth temperatures. Other effects (e.g., surface
reconstruction} may modify these ordering temperatures.

VI. EFFECTS OF PRESSURE

1600

~ i400

o~ 1200

I-

p=30 GPa

E(cr,p, V)=E(cr, V)+pV, (6.1}

The results discussed so far are for zero pressure. For
any configuration 0. under a hydrostatic pressure p, the
volume- and pressure-dependent enthalpy is given by

1000

800 i

0.0
GaSb

I

0.2
I

04
I

0.6 0.8 1.0
GaAs

H (cr,p) =E [o, V(o,p) ]+pV(o,p), (6.2)

where V(cr,p) is the equilibrium volume at pressure p.
Noticing that, from Eq. (6.2),

where E(cr, V) is the volume-dependent internal energy.
At equilibrium the enthalpy is

Composition x

FIG. 18. Calculated [Eqs. (6.5) and (6.6)] pressure depen-
dence of the phase diagram of GaSb&,.As„.The dashed line in-

dicates the position of the top of the miscibility gap as a func-
tion of pressure.

dH(o, p)
&~p

p

one can write

H(o, p) =H(cr, O)+ f V(o,p')dp' .
0

(6.3)

(6.4)

H(cr, p) =[e(cr )+G (x)]+

(6.





41 FIRST-PRINCIPLES CALCULATION OF TEMPERATURE-. . . 8267

the disordered phase and to long-range order at
suSciently low temperatures.

Our work shows that this classification is false: Alloys
with
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see N. E. Christensen, S.-H. %'ei, and A. Zunger, Phys. Rev.
B 40, 1642 (1989), where the 10—k-point results for GaAlAs
are used. Here and in Ref. 21 we use the two —k-point results.
I. M. Torrence, Interatomic Potentials (Academic, New York,
1972); in Computer Simulation of Solids, Vol.
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chem. Soc. 119,765 (1972).
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