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Zunger and Freeman 1977a, b, c, 1978) or model potentials (Wendel and Martin 1978). 
Unlike the situation in molecular physics, we have in this case to deal with divergent 
terms. Moreover, the calculation of the total energy poses a practical difficulty associated 
with the need to compute a large number of six-dimensional integrals for the electron- 
electron interaction term. In linear band structure approaches (e.g. linear combination 
of atomic orbitals), this leads to a large number of multicentre integrals (Schaefer 1972, 
Harris and Monkhorst 1971, Wepfer et a1 1974). 

This major difficulty has led to a number of ‘shape approximations’ in which the 
charge density p(u)  is replaced by a radially scalar quantity such as the muffin-tin (DeCicco 
1965, Averill 1972, Snow 1973, Janak 1974) or cellular approaches (Wigner and Seitz 
1933,1934; Fuchs 1935). As the angular parts are readily treated, the calculation reduces 
to essentially one-dimensional integrals. 

Total-energy calculations within the muffin-tin approximation have been reported by 
Averill (DeCicco 1965, Averill 1972, Janak 1974) on alkali metals and rare-gas solids, 
by Snow (1973) on copper, by Sabin et al(1975) on Ne, by Janak et by al(1975) 1 Tf 0.01999 Tc 10.4 0 0 10.5 228.7 469359.8al(1975\j/F6 1 Tf 0.06999 Tc 3.9 0 0 9.9 339.1 469 9(et )Tj/F17 1 Tf 0.00.069990 0 9m(e228.7 46 401al(1975) 1 Tf 0.01999 TTc 1.6635 0 T0.5 228.7 46941Tdal(1975j0.,999 Tc 1.2692 0 -1.1429 Td(A238k )Tj/F6 1 Tf c 2.4423 0 Td(on )Tj0..00999 Tc 1.875 0 Td7(Sabin )TjW-0.iamc 3.6442 0 4.057774) )Tj0606 Tc 2.7211 0 Td4038 
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equation (1) is the density functional exchange-correlation contribution to the total 
energy (Hohenberg and Kohn 1964, Kohn and Sham 1965). 

The corresponding one-electron Schrodinger equation derived variationally from 
equation (1) is 

where 

P x c ( d  E W c ( v ) l M 9 .  
The general form for E x c  is not known. Employing the X, method (Slater 1974), we obtain 

px,(v)  = -a(3/n) (3.”)”3(p(v))’/3, 

and 

For explicitness, equations (5) and (6) will be used to calculate the exchange-correlation 
in the present paper. It should be straightforward, however, to modify the expression in 
compliance with particular approximations employed for the exchangecorrelation 
(Zunger and Cohen 1979). 

It is to be noted that the pseudopotential method based on equation (4) has been 
very successful in calculating the band structure of solids and is at present a well- 
established technique. However, the total (crystal)-energy equation (equation 1) has 
not been tested as much because of the lack of a practical scheme of evaluating various 
integrals appearing in the equation. Moreover, it is not obvious whether the pseudo- 
valence electrons alone can give a reasonable result for the cohesive energy because 
calculations using other methods show that extreme accuracy is required in the calcula- 
tion of the cohesive energy. The separation between valence and core electrons is a 
first-order approximation of the non-linear exchange-correlation function. Indeed, a 
total-energy calculation provides a far more stringent test of the pseudopotential method 
than a band-structure calculation does. It suffices here to refer to the successful applica- 
tions of the present formalism for bulk and surface Si (Ihm and Cohen 1979) and bulk 
MO and W (Zunger and Cohen 1979). 

Thus far, we have not made use of the periodicity of the system. To simplify equation 
(l), each quantity will be expanded in terms of plane waves. In contrast to the all-electron 
potential, the smooth pseudopotential may permit rapid convergence of the plane-wave 
expansion. We can also cope with more localised features by generalising the present 
method to the mixed-basis (plane waves plus localised orbitals) formalism. The ensuing 
modifications in the mixed-basis set formalism are briefly outlined in the Appendix. Let 
the momentum-space representations of the wavefunction, the charge density, the inter- 
electronic Coulomb potential and the exchange-correlation potential be denoted by 
$(ki + 
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where the prime means that R, = 0 is excluded in the summation. Combining equations 
(7), (18), (21) and (23), the energy per atom coming from the three divergent terms (with 
S(0) = 1) is: 

22' [".' 8n[(Z/X2,, + pG2l2 
GZ lim s2,,[~Vc0,,(G) p(G) + UJG) p(G)] + 4 c' ~ = lim 

G-0 v lRvI G-0 

(25) 
In summary, we solve equation (14) with Vcoul(0) and U,,(O) set equal to zero and then 

add (a,Z + yEwatd) to the total energy. The final expression for the total energy per atom 
is 

1 
Etotal(per atom) = - ei - $at 1 Vcoul(c) P(G) - S a t  1 ~u,c(G) + ' 1 2  

Ni G # O  G 

+ YEwald' (26) 
The first term on the right-hand side is the sum of the electron eigenvalues of the 

occupied states; the second and third terms correspond to the correction for overcounting 
of the electron4ectron interaction. The fourth term is the correction coming from the 
'pseudo' nature of the potential, and 
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extreme case of the transition metals MO and W (Zunger and Cohen 1979) (characterised 
by localised d states). We have found that a convergence of 3 mRyd in the individual 
momentum sums can be reached by including about 500, 200 and 200 plane waves, 
respectively, for f = V,,,,, V ,  and KO,,. A convergence of 1 mRyd requires about 1000 
plane waves. Note that for f = UPS(G) (required is we use equation 16 rather than equa- 
tion 17)  a much higher cut-off is required (e.g. about 1500 plane waves for MO) due to the 
localised nature of transition-metal pseudopotentials (Zunger and Cohen 1979). In 
contrast, only about 200 plane waves are required for a 1 mRyd accuracy for the Si 
total energy (Ihm and Cohen 1979) because the corresponding pseudopotential is much 
smoother. 

3. Hellmann-Feynman theorem 

We prove here the Hellmann-Feynman theorem for the pseudopotential Hamiltonian. 
The X u  approximation is assumed for the exchange-correlation potential. The result 
is independent of the approximation employed for the exchange-correlation contri- 
bution because this theorem has been proved (Hellmann 1937, Feynman 1939, Slater 
1972) to hold for the all-electron case both with and without the Xa approximation. 
Particular care is required for the treatment of the non-local operator; otherwise, the 
proof exactly parallels Slater's proof (Slater 1972) for the all-electron case. 

There are two different sources contributing to VR,Etota,. One comes from explicit 
dependence of the total energy on R, and the other from the implicit dependence through 
I)~(Y), as the solution of the one-electron Schrodinger equation, I)i depends on R,. The 
latter contribution is identically zero as in the all-electron case proven by Slater (Slater 
1972) since the non-local operator satisfies the relation: 

[U,,, I(r) &I+ = [PI Ups, 1(y)  mt = ups, l(r) PI. (27) 

The rest of the proof is identical to the all-electron case. Therefore, we will consider 
below only the former contribution. 

In equation (3), there are two terms explicitly dependent on R,. The negative gradient 
of the last term in equation (3) with respect to R, is 

which gives the force exerted on the ion at R,  by other ions. Note that we have assumed 
the ions are spherically symmetric and non-overlapping. The force exerted on the ion 
by the electrons is rather complicated and has a unique interpretation in the pseudo- 
potential formalism. As we will see shortly, the force has a classical interpretation only 
if we regard -(in) V,"U,,(v) as the effective charge density of the ion. We define an 
angular-momentum-dependent effective charge density of the ion by 

pion, ,(v) is not directly related to the real charge distribution of the core. Combined with 
the corresponding angular-momentum-dependent valence charge density, it gives the 
effective ion-electron interaction without calculating the core-electron contributions 
separately. The electronic counterpart to pion, ,(v) is the 'projected electron density' 
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Note that pelec, l (r)  is not identical to p1 xi @(Y) I)~(v) = p ,p ( r ) .  Now we take the gradient 
of the first term on the right-hand side of equation (3), 

I- r 

Using the identity 

equation (31) becomes 

x d r - pion, l(r‘ - RJ E,(r’) d3r’ = F , ,  
3 ’ -  1 s 

where 

(33) 

is the effective electric field produced by electrons and experienced by pion, 1. It reduces 
to a usual all-electron result if V ( r )  = -2Z/r because pion becomes a delta function 
from equation (29). F ,  is the force integrated over the ion localised at R ,  and over the 
total valence electrons. Therefore, ( F ,  + F,)  gives 
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In the local pseudopotential approximation, equation (35) is reduced as 

F 2 ,  = - VR,Q 2 exp(iC. R,) N - '  Ups(G) p(C) = - iQa, 1 G exp(iC . R,) 
v .  G G 

x Ups(G) p(G)* 

Summarising, the Hellmann-Feynman theorem in the momentum-space is 

- ioa, 1 (C' - G)exp[i(G' - C) . R,] 
2z2 

-'RPEtotal = -'R,, F ( R ,  - R,( 
i, I ,G,G' 

Possible applications of the theorem are diverse. For example, we can study the equi- 
librium configuration of the surface atoms, the surface chemisorption, effects of the 
impurities and defects in the bulk and the surface, or the phonon modes of solids. 

4. Virial theorem 

It is a well known fact of classical mechanics that the time average of the bounded motion 
in a r" potential field gives the virial relation (Goldstein 1950) 

(kinetic energy) = (potential energy) (38) 
Because the pseudopotential does not show the simple l/r behaviour, a trivial result is 
that the usual virial theorem does not hold for the pseudopotential Hamiltonian. For 
the all-electron Hamiltonian of the solid, Slater has shown (Slater 1972) that 

KE = -LpE 2 - I C R  2 p * 'RwEtotal. (39) 

The core of his proof lies in the relation 

where U(Y) is the Coulomb potential between an electron and nucleus. For the pseudo- 
potential case, we obtain 

Comparing equations (40) and (41) and using 
Y .  Vr commutes with the angular momentum 

the fact that the purely radial operator 
projection operator P, we arrive at the 
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conclusion that equation (39) is to be modified for the pseudopotential Hamiltonian 
as follows: 

KE = -+PE - 4 R,  . VR,Etotal 
P 

The difference between the all-electron case (equation 39) and the pseudopotential case 
(equation 42) originates primarily from the cancellation theorem. The correction term 
in equation (42), which is usually a large negative quantity, represents the reduction of 
the kinetic energy due to  the repulsive pseudopotential near the nuclei. For example, 
with the Simons-Bloch pseudopotential in equation (20), - B,/r2 enters the parentheses 
of the correction term in equation (42). Now the total energy is 

Etotal = PE + KE = -KE - R , .  V p ~ t , , a l  
IC 

In most periodic systems, R,  . VR,Etotal of an atom not on the surface is automatically 
zero by symmetry (The force on individual atoms is zero.). V,5(zero. 0n2o0t(atoms )Tj0405)Tj52 lacase,ymmetry 
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