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Abstract
Epitaxial growth of semiconductor alloys onto a fixed substrate has become the method of
choice to make high quality crystals. In the coherent epitaxial growth, the lattice mismatch
between the alloy film and the substrate induces a particular form of strain, adding a strain
energy term into the free energy of the alloy system. Such epitaxial strain energy can alter the
thermodynamics of the alloy, leading to a different phase diagram and different atomic
microstructures. In this paper, we present a general-purpose mixed-basis cluster expansion
method to describe the thermodynamics of an epitaxial alloy, where the formation energy of a
structure is expressed in terms of pair and many-body interactions. With a finite number of
first-principles calculation inputs, our method can predict the energies of various atomic
structures with an accuracy comparable to that of first-principles calculations themselves.
Epitaxial (In, Ga)N zinc-blende alloy grown on GaN(001) substrate is taken as an example to
demonstrate the details of the method. Two (210) superlattice structures, (InN)2/(GaN)2 (at
x = 0.50) and (InN)4/(GaN)1 (at x = 0.80), are identified as the ground state structures, in
contrast to the phase-separation behavior of the bulk alloy.

(Some figures in this article are in colour only in the electronic version)

advent of vapor-phase growth techniques (e.g., MBE [2] and
MOCVD [3]), epitaxial evaporation onto a fixed substrate
has become the method of choice for making crystalline
semiconductor alloys, replacing the more traditional substrate-
free melt-growth (e.g. Bridgman) approaches. It is now clear
that vapor-phase epitaxial growth not only produces greater
purity and provides better process-control relative to the melt-
growth, but that in fact it corresponds to an altogether different
thermodynamic state of the system, possibly yielding different
microstructures and different phase diagrams [4–14]. The
difference stems from two aspects, one existing at the top of the
film (the free surface) and one at its bottom (the film–substrate
interface).

Firstly, the presence of a free surface gives rise to
a translational symmetry break and, consequently, surface-
modified atomic interactions. This surface contribution has
significant influence on the atomic microstructures of alloys
near the surface, e.g., surface segregation and different
disorder-order transitions from the bulk alloys [13–19].
Additionally, the existence of an exposed free surface above
the film can lead to a surface reconstruction that creates strain
patterning in a few near-surface layers, and leads, in turn,
to an energetic driving force for selective incorporation of
the smaller (larger) of two alloy atoms at high (low) strain
subsurface sites, leading to atomic ordering, [5, 6, 10–12],
rather than randomness, in various semiconductor alloy thin
films. The surface contribution persists only within several
atomic layers next to the free surface. For example, in the Al–
Co and Al–Ni systems, the perturbation induced by the free
surfaces is almost zero beyond the 4th atomic layer from the
surface [14, 17]. In the case of surface reconstruction, for
example, InGaP alloy, the strain pattern due to the surface
reconstruction disappears beyond the 4th–5th atomic layer.
Progress on the first-principles studies on the alloysurface
thermodynamics have been reviewed in [6, 19] and [17].
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Secondly, the existence of lattice coherence between the
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Table 1. �̄ f (σ ) of the three epitaxial variants of the L10 compound on the tetragonal lattice (elongated fcc along (001) crystal direction).
�̄ f (σ ) of the bulk L10 compound on fcc lattice is shown for comparison.

Compounds Description 1st pair 2nd pair 3rd pair 4th pair 5th pair

fcc lattice

L10 {
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cross validation score’ (CV):

CV(CEm) = 1

b(i)N (i)
pred

∑

b(i)sets

N (i)
pred∑

σ=1

|�H̃ epi
CEm

(σ ) − �H̃ epi
LDA(σ )|2.

(8)
In this paper, the size of the prediction set N (i)

pred is set roughly

to one third of the total size of the input N (i)
tot [48]. While it is
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Table 2. LDA epitaxial formation energies (meV/cation) of (Ga, In)N compounds grown on a GaN(001) substrate used as the input to the
first iteration of the cluster expansion. For comparison, the bulk formation energies of (Ga, In)N bulk compounds are shown in the parenthesis
following the structure name. Symmetry-equivalent variants of a given superlattice compound on an fcc lattice now split into distinct
structures when grown on a (001) substrate (e.g., the L10 structure shown in figure 2). Here, {· · ·} represents the symmetry-equivalent
superlattice directions on a cubic fcc lattice, whereas (· · ·) represents the distinct superlattice directions when grown on the (001) substrate.
For example, {100} represents (100), (010) and (001) crystal directions, which are symmetry equivalent on the fcc lattice, while the (100) and
(001) are distinct crystal directions due to the (001) substrate.

Superlattice structures

{100} {110} {111} {201} {311}
(100) (001) (110) (011) (021) (210) (102) (131) (113)
Variant-II Variant-I Variant-II Variant-I (111) Variant-I Variant-II Variant-III Variant-I Variant-II Others

(GaN)3/(InN)1 Z1 (66.98) Y1 (63.46) V1 (119.688) D022 (52.10) W1 (78.00) L12 (84.59)
9.10 −0.38 0.72 3.65 65.32 −8.35 −10.3 −10.3 20.27 16.72 26.87

(GaN)2/(InN)1 β1 (80.87) γ1 (51.58) α1 (150.45)
18.63 0.63 −30.37 −23.54 80.33

(GaN)1/(InN)1 L10 (93.51) L11 (153.803)
29.57 −0.63 85.22

(GaN)2/(InN)2 Z2 (90.14) Y2 (74.01) V2 (156.65) CH (39.22) W2 (68.18)
28.54 0.29 1.02 −6.06 91.74 −24.31 −57.53 −57.53 −6.33 −23.58

(GaN)1/(InN)2 β2 (83.05) γ2 (55.73) α2 (136.09)
35.41 −3.06 −25.69 −9.89 80.64

(GaN)1/(InN)3 Z1 (69.81) Y1 (59.20) V1 (113.25) D022 (36.94) W1 (69.62) L12 (59.36)
32.66 −1.59 2.78 −1.87 66.18 −13.02 −25.62 −25.62 18.48 3.91 4.63

ground state structures so that all other structures have an
energy higher than the connecting ‘tie-line’. Such a direct
enumeration approach limits the size of the unit cell we visit.
In this paper, it is done up to N = 16 (about 105 structures).
For practical reason, in the first few outer loop iterations, we
even restricted the search to N = 12 cations per unit cell.

Following the strategy developed in [48], two quantities
are crucial in deciding which newly predicted ground state
structures will be included in the next iteration: the prediction
frequency and the energy depth. The prediction frequency is
defined as the frequency of occurrence of a given structure
in the predictions of the different CE candidates. The energy
depth, �(m)

σ , is the energy difference of a predicted ground state
structure σ from the tie-line connecting the two neighboring
ground states of the same cluster expansion candidate CEm .
It is used as a measure of the importance of a ground state
structure. In this paper, we adopt the following criteria to select
structures to be calculated by the first-principles method and
added as input in the next outer loop iteration. (1) if a structure
is predicted both frequently (>30%) and is energetically deep
(�(m)

σ > 1.5 meV/cation), it will be included. (2) If a structure
is predicted either frequently or is energetically deep, it will
be included if its size is less than 8 cations per unit cell. (3)
A structure will be included if it persists through several outer
loop iterations, even if it is predicted neither frequently nor is
energetically deep. Such criteria will help us include the deep
ground states early in the outer loop iteration and at the same
time, generally speaking, not miss the important but shallow
states.

The outer loop iteration is terminated when the following
criteria are satisfied: (1) there are no new predicted ground
states whose energy are not already included, calculated by
the first-principles method, and (2) there is a good agreement

between the �H epi
LDA(σ ) and �H epi

CE (σ ) (several times the CV
score) for all the input structures. When these criteria are
satisfied, we select the one that gives the best description of
the ground states of the LDA results.

2.3. Calculation of �H epi
LDA(σ )

The formation energy �H epi
LDA(σ ) (equation (2)) is calculated

using first-principles density functional theory with the local
density approximation (LDA) [69]. We use the ultrasoft
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Figure 6. Genetic algorithm (GA) search for the optimal many-body interaction type. The search is repeated for different values of maximum
number of many-body figures; shown are examples for (a) NMB = 8 in first iteration and (b) NMB = 8 in the last iteration.
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difference between WZ and ZB structures is small. For GaN,
the energy of the WZ structure is ∼12 meV/atom lower than
that of the ZB structure [77]. The thermodynamic properties
of the (Ga, In)N bulk alloy in WZ and ZB formats are also
similar. The miscibility gap temperature calculated by the first-
principles method for WZ (Ga, In)N is about 1848 K [78],
while in ZB format miscibility gap temperature is 1870 K [59].
Despite these structural and thermodynamic similarities, their
electronic properties can be quite different. In ZB (Ga, In)N,
the piezo-electric polarization in the (001) growth direction
does not exist, while in WZ (Ga, In)N there is a piezo-electric
polarization field in the (0001) growth direction. Therefore, it
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Figure 11. Fourier transform of the Warren–Cowley short-range-order parameter of the (Ga, In)N solid solution at different concentrations at
T = 1200 K. The peaks at (1 1

2 0)
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5. Summary

In this paper, we developed a cluster expansion method to
describe the thermodynamic properties of a substrate-coherent
epitaxial alloy and apply it to a (In, Ga)N zinc-blende alloy
grown on a GaN(001) substrate. Our developed cluster
expansion approach is fully capable of considering the three
new features of epitaxial alloys in comparison with the bulk
alloys: (1) more than one distinct epitaxial structure σepi from
one bulk configuration σbulk, (2) splitting of the figures, and
(3) the constituent strain energy calculation in the presence
of a substrate. The underlying lattice of the epitaxial alloy
is selected as the elongated/compressed lattice of its bulk
alloy along the substrate directions Q̂. Such a selection will
make the cluster expansion (equations (3) and (6)) naturally
distinguish the distinct epitaxial structures from one atomic
bulk configuration. The algorithm for the constituent strain
energy calculation described in the appendix considers the
lattice coherence at both the (AC)m /(BC)n interface k̂ and the
substrate–film interface Q̂.

We take the (In, Ga)N epitaxial alloy grown on a
GaN(001) substrate as an example to demonstrate this method.
We follow the strategy developed in [45, 48] to determine the
parameters defining our epitaxial cluster expansion from the
first-principles calculations. The fitting consists of two loops.
The inner loop selects the best combination of figures with the
best prediction power based on a set of {�H epi

LDA(σ )}. The
outer loop searches the ground state structures from the cluster
expansion determined in the inner loop and adds the newly
predicted ground state structures into the next iteration. This
procedure is repeated until our cluster expansion predictions
agree with the ground states calculated by the first-principles
method.

Using the obtained cluster expansion, two ground state
structures are identified: the (InN)2/(InN
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F i g u r e A . 3 . Formationenergyofthesuperlatticestructure( I nN ) n / (
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